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Abstract—In this paper we present a numerical method for solving the Dirichlet problem for
a two-dimensional wave equation. We analyze the ill-posedness of the problem and construct
a regularization algorithm. Using the Fourier series expansion with respect to one variable, we
reduce the problem to a sequence of Dirichlet problems for one-dimensional wave equations. The
first stage of regularization consists in selecting a finite number of problems from this sequence.
Each of the selected Dirichlet problems is formulated as an inverse problem Ag = f with respect
to a direct (well-posed) problem. We derive formulas for singular values of the operator A in the
case of constant coefficients and analyze their behavior to judge the degree of ill-posedness of the
corresponding problem. The problem Aq = f on a uniform grid is reduced to a system of linear
algebraic equations A;q = F. Using the singular value decomposition, we find singular values of
the matrix A;; and develop a numerical algorithm for constructing the r-solution of the original
problem. This algorithm was tested on a discrete problem with relatively small number of grid nodes.
To improve the calculated r-solution, we applied optimization but observed no noticeable changes.
The results of computational experiments are illustrated.
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INTRODUCTION
The first results concerning the boundary value problems for hyperbolic equations with data on the
whole boundary were obtained by J. Hadamard [1], A. Huber [2], D. Mangeron [3].
D. G. Bourgin and R. Daffin [4, 5] studied the Dirichlet problem in the rectangle

R:={0<t<T,0<2<S5}

2
;L,Dxu = u,Dfu = 88153’
ete. If T/S is irrational then the problem was shown to admit at most one solution in the class of
continuously differentiable functions that have the Lebesgue integrable second derivatives in R. The
authors also proved the solvability of the Dirichlet problem under certain restrictions on the parameters
T,S,and k.

S. G. Ovsepyan [6] considered the problem
(14+ND?u— (1 - )\)Dgu =0, ulp = o(s), (1)

0 0

for the damped wave equation (D7 — D2 — k?)u = 0. From here on Dyu =

in a bounded multiply connected domain D with boundary I' (here A is a real parameter, |A| < 1). It was
demonstrated that, under some conditions on the boundary T, the solution to problem (1) is unique in
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188 KABANIKHIN, KRIVOROT’KO

the first Baire class. The solution of problem (1) was also shown as unstable with respect to a change of
domain not only for simply connected domains, but also for any bounded multiply connected domain D
with piecewise smooth boundary T'.

Yu. M. Berezanskii [7] considered the Dirichlet problem for the equation
(D} — DZ)u =0, (2)

and suggested seeking its solutions not in the class of smooth functions but in L. This suggestion made
it possible to construct the domains in which the generalized solution of the Dirichlet problem is stable
under small perturbations of boundary. Some examples of such domains were described in [7].

The studies by V. M. Borok [8—11] concern the boundary value problems in the layer {(¢,z) : 0 <
t <T, x € R"} for evolution equations and systems with constant coefficients. Classes of uniqueness
and stable solvability of the problems are specified in the papers. In particular, in [8], it is shown
that equation (2) with the boundary conditions u(x,0) = u(z,T) = 0, —oco < = < 0o, has nontrivial
solutions in the class of bounded functions.

The necessity of considering the boundary value problems for hyperbolic equations has also emerged
from the theory of time-dependent problems for linear systems of differential equations unsolvable with
respect to the higher time derivatives. This theory was initiated by S. L. Sobolev |12, 13](see also papers
by R. A. Aleksandryan [14] and R. Denchev [15]).

The results by T. [. Zelenyak and M. V. Fokin [16—18] concerning the solvability and spectral
properties of the Dirichlet problem for the wave equation were stimulated by studying the asymptotic
behavior of solutions to the problem

d*u
dt?
where A is a positive self-adjoint bounded operator in the Hilbert space W} (D).

S. A. Aldashev [19] proved that the Dirichlet problem for the multidimensional wave equation is
uniquely solvable in cylinder.

A fairly complete list of references can be found in the monographs by B. I. Ptashnik [20] and
V. P. Burskii [21].

In Section 1 of this article, we formulate direct and inverse problems for a wave equation. In Section 2,
we state the conditions under which the Dirichlet problem for the wave equation is well-posed, and
calculate singular values of the operator of the inverse problem with constant coefficients. In the next
section, we discretize the inverse problem with variable coefficients, reduce it to a system of linear

algebraic equations (SLAE), and calculate singular values of this system. Section 4 presents the results
of numerical calculations.

+ Au =0, u(0) = wo, v (0) = uq,

I. STATEMENT OF THE PROBLEM

Consider the problem of evaluating the water-surface fluctuations that are caused by a sudden

displacement of the seafloor occurred at time ¢ = 0 and described by the finite function f™(z,y) =
u(z,y,0). We assume that the shape of the water surface is fixed at time ¢ =7 and has the form

f@(z,y) = u(z,y,T). We suppose also that by time T the wave has not yet reached the shore;
consequently, along the edge of the sea we can put the homogeneous boundary conditions. Using

shallow water approximation [23], denote ¢(z,y) = \/gH(;v,y), where g = 9.81 m-s~2 is acceleration

of gravity, H(x,y) > 0is a function describing the bottom topography (bathymetry). Thus, we come to
the following Dirichlet problem for the wave equation:

D?u = g[D,(H(x,y)Dyu) + Dy(H(z,y)Dyu)], (x,y) € Q, te(0,T);
u|t=0 = f(l)(l',y), u |t=T: f(2)($7y)7 (:Evy) S Qa U|8Q =0, le (07T)7
where Q = (0, L) x (0, L).
To provide the homogeneity of conditions along 02, we suppose that the support of the function
fW(z,y) is sufficiently small:

sup(f e Q@=1(/2 — o, L/2 + a) x (L/2 —a,L/2+a),  a€ (0,L/2),
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A NUMERICAL METHOD FOR SOLVING THE DIRICHLET PROBLEM 189

and so is the parameter T' € (0, Tinax), Where Tinax = (L/2 — a)/||cllc(o,1)-

Problem (3) is ill-posed (its instability is shown in [22]). We reformulate this problem as inverse to
a direct (well-posed) problem. Indeed, consider the following initial boundary value problem for the wave
equation:

D?u:g[Dr(H(x>y)Dwu)+Dy(H($7y)Dyu)]7 (x,y) EQ) te (OvT)a
u|t:0 = f(l)(l',y), Diu |t=0: Q(ﬂf,y), (:Evy) € Qa U|8Q = 07 le (07T)

In the direct problem (4), it is required to find the function u(z,y,t) from the given fM(z, ), ¢(z,y),
and H (z,y) (a method of solving this problem was proposed in [24]).

Assume ¢(z,y) unknown. Let an additional information be gained about the solution of (4):
u(z,y,T) = fP(z,y). (5)

Then the inverse problem is formulated as follows:
Given f0(x,y), fP(x,y), and H(x,y), determine g(z,y) using (4) and (5).

(4)

2. STUDYING THE PROBLEM IN THE CASE OF CONSTANT COEFFICIENTS
2.1. The Uniqueness Theorem

Consider the inverse problem (4), (5) in the case when H (z,y) = H and suppose that ¢ = \/gH =1
Extend all functions involved in (4), (5) as odd functions in the variable y over the interval (=L, L).
Expanding them in the Fourier series like

u(z,y,t) = Z ug(z,t) sin(rky/L),
keN

we arrive at the following sequence of inverse problems for one-dimensional wave equations:

D}ug = (D2 — K*(m/L)*)uy,  x€(0,L), te(0,7T), (6)
w(@,0) = (@),  we(0,L), (7)

Dyuy(z,0) = qk(a; x € (0,L), (8)

ug(0,t) = ug(L,t) = t e (0,7), (9)

up(z,T) = )(x) z € (0,L). (10)

Here k e N={1,2,3,...}.

Similarly, we extend uy(z,t), ( ) fk ( ), and gx(x) into odd functions in x over the interval
(=L, L), then expand them in Fourler series

x,t) = Z U p(t) sin(nmx /L),
neN

and so on. In result, we obtain the inverse problems

ufn + (7/L)*(n* + k*)upy, = 0, ugn(0) = flSr)w ), (0) = Qi (11)
win(T) = 2. (12)

The solution of the direct problem (11) has the form
uk,n(t) = flglqz COS pk’,nt + Tien Sinpkmty Pkn = 2\/]{:2 + n?. (13)

’ k,n
Substituting ¢ = T in (13), we obtain
upn(T) = f]gzr)L = f,glr)L cospi T + gkm sin p, 1. (14)
’ ’ k,n
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190 KABANIKHIN, KRIVOROT’KO

Theorem (uniqueness of the solution to the inverse problem). Assume that, for all k,n € N
andm € Z, the parameterT € (0, Timax) meets the condition T # wm/py, (for example, T = r1 /12
is a rational number from the interval (0,Tnax)). Then if the inverse problem (6)—(10) has a
solution in C[0, L] then the solution is unique and its Fourier coefficients are expressed by the
formula

Jion = Fi cos praT

Qk,n = .
" sin pg , T'

Pkn-

2.2. Singular Values of the Operator of the Inverse Problem

Reformulate the inverse problem (6)—(10) in the operator form A(k)qr = (2) , where

A(k) : Ly(0, L) — Lo(0, L).
Define A(k) as follows: Take an arbitrary g, € L2(0, L). Substitute g (x) into (8) and consider the direct
problem (6)—(9). As known [25],if £ €2 H'(0, L) and g, € Ly(0, L) then the problem (6)—(9) admits
a unique solution ux € H*((0, L) x (0,T)). By the trace theorem [24], there exists uy(x,T) € Lo(0, L).

Put A(k)qx := ug(z,T). Note that the operator A(k) : L2(0,L) — L2(0, L) so-constructed is well
defined.

Theorem 2. The singular values of A(k) have the form o,(A(k)) = |sinpgnT'|/Dkn, n € N.

Proof. Taking into account (14), we can write

sin pg T .
Ak)q)(x) = " Qg sin
(A =3 "’

It is known that o2(A(k)) = A (A*(k)A(k)), where \,(A*(k)A(k)) are the eigenvalues of the
operator A*(k)A(k). Let us determine the adjoint operator A*(k) : L2(0, L) — L2(0, L). By definition,

™I

(15)

(A(K)ar, V) Ly0,0) = (@, A" (K)Y) 1y0,),  ¥(w) € L2(0,L). (16)
Equality (16) can be rewritten as
L L
[ @) do = [ otz ©w)e) (17)
0 0
Expand the odd extension of 4 into the Fourier series on (—L, L):
= an sin(mnax/L). (18)
neN

Rearrange (17) in view of (15) and (18):

L

s1npk . TN . TMIT sinpy, ,T'
/( T s L)(zwmm " )dx:z T
0 neN

Pkn meN neN kim

L ) -

2 TNT sin pg p, . Tnx
x/sm —/<qumsm ) (Z . Py, Sin I )daj.
0 meN neN ’
Thus, we obtain
* sinpg,I" . mnx
(A*(R)e)(x) = ) Ynsin "7 (19)
neN Pk,n
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Fig. 1. Singular values o, (A(k)) for k = 1,5,10,20, T = 3,and ¢ = 1:
(a)n=0,...,40; (b)n = 100, . .., 180

Note that from (15) and (19) it follows that A(k) is self-adjoint.
Using (15) and (19), we obtain the Fourier series expansion of A*(k)A(k):

. sinpg T’ . Tnx sinpg T’ 2 . TN
A R AR @) = 3 P (AR gy)sin ™ =Z( ¢ ) Ginsin ™
nen Pk neN Pk,n

Therefore, the eigenvalues of A*(k)A(k) have the form

sin pka) 2
Pin .

Mn(A*(R)A(R)) = (

Then the singular values of A(k) can be written as o,,(A(k)) = | sinpr 1| /Pkn-
The proof of Theorem 2 is complete.

As seen in Fig. 1, the singular values of A(k) decrease with the growth of n.
3. DISCRETIZATION OF THE INVERSE PROBLEM IN THE CASE OF ¢ = ¢(x)

In numerical calculations we consider the one-dimensional inverse problems
Diup = (@) (D2~ /L), ¢ (0,L), te(0,T),

u(2,0) = f{V(z),  Dpugl(z,0) = qr(z),  x€(0,L), (20)
uk(07t) = uk(L7t) = 07 te (07T)7
up(e, T) = £ (@), (21)

which are obtained using the Fourier series expansions of the functions involved in the following inverse
problem:

D}u = c*(z)(D2 + Dz)u, (x,y) € Q, te(0,7),

(22)
U|t:0 = f(l)(%y), Dtu‘tzo = q(xay)7 ('T7y) € Qa U|8Q = 07 te (OaT)a

ule=r = [P (2,y). (23)
Note that the inverse problem (4), (5) can be investigated similarly, but it requires much more cumber-
some calculations.

Let N, be the number of nodes of a uniform grid with respect to the variable = on the interval
(0, L). The odd number N; of nodes of a uniform grid with respect to the variable ¢ is chosen so that
N; > N,. The step in the space variable x is equal to h, = L/N, and the time-step is hy = T'/N;. Denote
rp=ci(hi/hg)yandag=(m/L)*(c;kh;)? /2 fori = 0,1,..., N,.
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192 KABANIKHIN, KRIVOROT'KO

Using an explicit difference scheme of the second order of accuracy, we obtain the discrete problem

u{{rl =72 (uiiﬂ - 2uii + uii_l) — ay, (uii+1 + uii_l) + 2uii - uii—l7
1 1 .
u =10, ub = (D) g, i=0,1,... N, (24)

ul, =ul =0,  j=01,...,N

0 p—
ult = 2. (25)

Here y(fi) = i + 20, =210 + 10 ) /2 = an (2, + 1) /2.
The purpose of the next subsection is to present the inverse problem (24), (25) in the matrix form

Ay (k)gr = Fy, where Fy, is a data vector of the problem and | = N, + 1.

3.1. Reducing the Inverse Problem to a System of Linear Algebraic Equations

T T
Letvlz(uio,uil,...,ui%) ,andvgz(uio,uzl,...,uiNm) .
T
Set U° = (ugo,ugl,...,usz,u,lgo,u,lgl,...,u}cNm) and U! = (v, v2)7, Q = (qko,qkl,...,quz)T.
The vectors U° and U! have the same dimension equal to 2N, +2. Put by, = r? —ay, for i =
0,1,..., N, and note that the vectors v; and vy can be written as v; = ByU° and vy = Byv; + B3U°,
where
00 ... 000 0 0 0
0—1... 0 0by, 2—2r7 by 0
Bi=|: - S ) ) ,
00 ... =10 0 ... bey,, 2-2r%, | ey,
00 ... 000 0 0 0
0 0 0 0 0
b, 2—2r% by, 0 0
B, = 9 b,‘cQ 2-2r2 ... 0 0 ’
0 0 kam—l 2—27‘2in1 kax71
0 0 0 0 0
00...00 0 O ... 00
00...00-1 0 ... 00
00...00 0 -1... 0O
Bs =
00...00 0 O ... -10
00...00 0 O ... 0O

Denote by C the square matrix

By
ByB1 + Bs

C =
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A NUMERICAL METHOD FOR SOLVING THE DIRICHLET PROBLEM 193

and put
(Ne—1)/2 ~(Ni—1)/2 (Ne—1)/2\ T
M= (Cinlig Crviva o Clanural ) s
where C’[(z.]]vt_l)/2 is the ith row of the matrix C(¥¢=1)/2,

Theorem 3. The inverse problem (24), (25) is reducible to a system of linear algebraic equations
Au(k)gr = Fi, | = Ny + 1, with the matrix Ay (k) of the form Ay(k) = M P, where

0 0 ... 0 0
0 0 ... 0 0
P=10 hn 0 0
0 0 ... h O
0 0 ... 0 0

The dimension of P is equal to (2N + ) (Nz + 1). The data vector is specified by the formula
Fo=F" ~ MKF", where £ = (1P, f,.... ;¥ ). p=1,2 and

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
K =
0 0 0 0 0
b, /2 1—13 by, /2 0 0
0 bry/2 1—73 0 0
0 0 e kax,1/2 1- 7']2\/2—1 blch,;fl/2
0 0 0 0 0

3.2. Singular Values of the Matrix Ay (k)

Here we study the behavior of singular values of Ay (k).

In the case of constant coefficient, the singular values of Aj; (k) (Fig. 2) decrease in much the same
way as those of the operator A(k) (see Fig. 1).

Suppose now that the bottom topography is described by the function
-1

H<m>:[g(1§ﬁ2x2—ﬂ)2] . 8->
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Fig. 2. Singular values o, (Ayu(k)) for k =1,5,10,20, T =3, and ¢ = 1:
(a)n=0,...,40;(b)n = 100,...,180
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Fig. 3. Singular values o, (A (k)) fork = 1,5,10,20, T = 3,and ¢ = ¢(z):
(a)n=0,...,40; (b)n = 100,...,180
93 -
Then ¢(x) = <10 23;2 - B) . We calculate the singular values of A; (k) in this case and display their
7r

behavior in Fig. 3.

3.3. An Algorithm for Constructing a Normal Pseudosolution and an r-Solution

Consider a system of linear algebraic equations Aq = f, where A € R™ x R" is a rectangular matrix,
while ¢ € R™ and f € R™ are vectors. Suppose, for example, that m < n. By the theorem on singular
value decomposition, there exist orthogonal matrices U € R™ x R™ and V € R™ x R" together with

a nonincreasing sequence of non-negative numbers o;, j = 1,...,m, such that A = UXV ", where ¥
is a rectangular matrix of the form

opr 0 0 0 0...0

0 0 00..0
5= o2

0 0 0 0ppb 0...0

Rewrite the system Ag = f in the form USV T¢ = f.

Put z = V 'q. Then ¢ = Vz. Taking into account that UT = U~! we observethat 2z =UTf =g €
R™ . Hence, z; = g;/0; if 0; # 0. In the case when o; = 0 or j > m, we specify z; = 0. Thereby we have
constructed a normal pseudosolution gy, = V z of the problem Aq = f [26].

Note that if the matrix A has relatively small singular values then large errors may appear in
calculating the corresponding z; = gj/0;. To avoid the error accumulation, it is necessary to provide
an operation of zeroing out'smallssingular values. It is most natural to equate o; to zero starting with
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some number. Let 3, denote the matrix obtained from X by putting o; =0 for j =7+ 1,...,m. The

change from the original system Aq = ULV "¢ = f to the system UX,V "¢, = f can be treated as
a regularization with the parameter r. The solution ¢, of the latter system is called the r-solution of
the problem Ag = f. As usual, how to choose the parameter r is an important question. Indeed, if r is
too small, the regularized system differs considerably from the original one; but if r is large then the
calculated solution may have a very large error.

In the following theorem we show that the optimal value of r is chosen depending on the error € in the
data of the problem:

Theorem4. Let A: QQ — F be a compact linear operator, and let Q and F be separable Hilbert
spaces. If ¢¢ is an r-solution of the problem Aq = f¢ with |f — f¢| < e then

2 bP 1
lawp = 711" < 5 5+ D o
j=1"J
and the optimal r satisfies the equation
—b?/rt + 52(1/(03) — 1/(0%)) =0,

where b = ||qnp||-

Proof. As known [26], the normal pseudosolution gy, of the problem Ag = f admits the following series
expansion:

QHp—ZQJv] Z f(;_uj> vy . (26)
j=1 7

Here ¢; are the Fourier coefficients of the function ¢y, {o;} is a nonincreasing sequence of singular
values of the operator A, while {v;} and {u;} are the corresponding right- and left-singular vectors,
respectively (these are the orthonormal sequences of functions).

Let g, be an r-solution of the problem Ag = f; that is, its first » components coincide with those of
qnp and all next are zeroes. Then

e e e R (27)
Without loss of generality, we assume that

an ZQJ s QHp(m) € 02[07[/]'

Then there holds |g;| < b/|j|?, where b = lgnpllc2p0,17-

Thus, the first term in (27) is estimated as follows:

e 00 ;9
o — a2 <> 2 <30
j=r j:r‘]

Using the Cauchy integral test, we obtain

2,1 b2
Zj<b/ﬁmz%y

j:T r

For the second term in (27) we obtain
~(f =)t g€
R DAL P

7j=1 J Jj=1"J
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Fig. 4. Exact solution ge(z, y)
Therefore,
2 T
g
Han_qu < 3+6 z : 2° (28)
3r — g4
J:]- J

Evidently, the optimal number r is to minimize the right-hand side of inequality (28); that is,
l

7 = min v’ + 2/ da
“len | 33T C o?(z)
1
Hence, r is a solution of the equation

—2/rt 4 22(1/(02) = 1/(e})) =0,

which proves the theorem.

4. NUMERICAL EXPERIMENTS
Let the inverse problem (22), (23) have an exact solution of the form

al T 9w 3m Tm
) = Yansmi - ve ((090). ve (11.57), (29)
where
2 T cos16x + 1sinby +1 |
Gek = sin ky dy.
20
0
The exact solution (29) is plotted in Fig. 4.
As the known function £ (z, %) of problem (22) we took
f(l)(av )= cos 16 + 1sindy + 1 . Tm 9w 3m Tm
W= g 20 16716 ) 10710 )

In numerical experiments, we considered the inverse problems (20), (21) for L =7 and T'=3
on the uniform grid with N, = 250, N, = 200, and N; = 591 and solved the corresponding discrete
problems (24), (25) forevery k = 1,2, ..., 50 using the singular value decomposition.

Fig. 5 illustrates the recovered rate of the seafloor displacement ¢&(z,y) and its deviation from the
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Fig. 5. The r-solution ¢; (z,y) for e = 30% and r = 198 (a); the difference between the
exact solution g (z,y) and the r-solution ¢ (z,y) (b)
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Fig. 6. The reconstructed solution gsoo (, y) obtained with the Landweber algorithm after
500 iterations (a); the difference between gsoo (z, y) and the exact solution ge (z,y) (b)

4.1. The r-Solution as an Initial Approximation in the Landweber Iteration

In [22], we used the gradient methods to solve the inverse problem (22), (23). Here we present the
numerical results of successive application of the singular value decomposition and the Landweber
iteration method to the perturbed problem (22), (23) with L = 7, T'= 3, and the data error ¢ = 30%.
Indeed, we took, as an initial approximation g, the r-solution ¢Z(z,y) (see Fig. 5 ) and computed the
subsequent approximations ¢;(z, y) using the Landweber iteration. The approximate solution gsoo(z, y)
generated after 500 iterations is displayed in Fig. 6, as is the difference between g500(z, y) and the exact
solution g (z,y).

Note that the r-solution has not improved upon applying the optimization (compare Figures 5, b
and 6, b).
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